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CNJ ■ Abstract. We prove a D = 1 analytic versal deformation theorem 

for WKB expansions. We define the spectrum of an operator in local 
. analytic terms. We use the Morse lemma to show that the perturbation 

series arising in a perturbed harmonic oscillator become analytic after 
a formal Borel transform. 

<N 

Introduction 

r*** \ In this paper, we study deformation theory in an analytic subalgebra Q of 

^ ■ the universal Heisenberg algebra C[[x, Hd x ]]. The algebra Q consists of an- 

. alytic micro-differential operators depending on a semi-classical parameter 

h. We prove a Morse lemma in the Q-algebra, give further a versal defor- 
mation theorem and solve a conjecture formulated by Colin de Verdiere ([6], 
Question 7). Next, we introduce a purely analytic definition of the spectrum 
which coincides with perturbative computations. Then, using the quantum 
Morse lemma, we get that the perturbation series for the spectrum of a per- 

| turbed harmonic oscillator H(q,p) = p 2 + q 2 + tg(t,q,p), such as the one 

computed by Heisenberg (|15j). are Borel analytic. 

By Borel analytic, we mean that these series can be expanded in formal 
power series E(t, h) = J2 k ctk(t)h k such that the corresponding formal Borel 
transforms E(t,h) = J2 k ak(t)h k /k\ are convergent for \h\ sufficiently small, 

i. e., E(t,h) is of Gevrey class 1 or 2 depending on conventions. 
Several examples of Borel analyticity are treated in the literature among 
which the case of a perturbation given by g{t,q,p) = q 4 ([SHIES]). For some 
special polynomial perturbations, it is conjectured that the series are resur- 
gent ([231E01EID. 

The results of this paper can be generalised, in higher dimensions, to quan- 
tum integrable systems (pT|). The generalisation to Stein neighbourhoods 
of arbitrary compact subsets in C 2n and the specialisation of the results to 
the real analytic case are straightforward. 
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1. The quantum Morse lemma 

1.1. The Q-algebra. Let Q be the non-commutative algebra consisting of 
formal power series in the variables a,aJ,K which satisfy the commutation 
relations 

[a, a j ] = h, [h, a] = 0, [H, a j ] = 0. 
The operators and are the annihilation and creation operators of 

a free bosonic theory. It is important that unlike the classical approach, we 
do not divide these operators by Vh. 

We sometimes identify the algebra Q with the algebra generated by h and 
the operators p, q with 

a) + a a) — a 

p = ^7T> q = ^ 

satisfying the commutation relation \p, q] = —ih. 

An element / of the Q-algebra can always be ordered, i.e., written as a formal 
sum f = Y1 a mnt(^)" la ™^ with the o''s before the a's. 
The total symbol s : Q — > C[[H,x,y]] is defined by replacing the variables 
a), a with commuting variables x,y: 

s(f)(h,x,y)= a m nkx m y n h k . 

m,n,k>0 

The principal symbol a : Q — ► C[[x, y]] is obtained by restricting the total 
symbol to K = 0. We define the Borel transform B : Q — > C[[h,x,y]] by 
setting 

B(fy= ^ ^t x m y n h k 
m,n,k>0 

Definition 1.1 ([231 [27]). The Q-algebra is the subalgebra of Q consisting 
of power series having a convergent Borel transform: 



Q={feQ,Bf€C{h,x,y}}. 



Here the notation C{H, x, y} stands for the ring of absolutely convergent 
power series. The subalgebra of Q consisting of series which are independent 
of and a is denoted by C^: 

C h = {a e C[[h]} : Ba e C{h}}. 

In the sequel, we shall be concerned with the Q-algebra but most results and 
constructions can be adapted for the algebra Q for which most proofs are 
straightforward . 

That Q is a ring follows from general results due to Boutet de Monvel and 
Kree (see Proposition II .ip . 

There is a Borel transform with parameters that we denote in the same way 
B:Q[[\)]^C[[h,\,x,y)], / - £ ^x m y n h k , a mnk € C[[A]], 

m,n,fc>0 
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where Q[[A]] denotes the algebra of formal power series in q,p, h,X = (Ax, . . . , A&) 
such that the Aj's are central element of the algebra. We denote by <2{A} the 
algebra of elements having a convergent Borel transform in the h variable. 
Similarly, we define the ring Cn{X} as the subring consisting of formal power 
series ^ ■ k ay^A- 7 ?^ for which the series ^ ■ k ^f-X^H is convergent in a suf- 
ficiently small neighbourhood of the origin. If k = 1, we often write t or z 
instead of A. 

1.2. Statement of the quantum Morse lemma. Denote by £ x {(0) the 
ring of germs of formal microlocal differential operators of order in the 
variable x and t £ C which are independent on t. As observed by Pham, the 
mapping 

2 — K,t(°)> ( flt > a» ~ W 1 ^. W 1 ) 
is an isomorphism of C-algebras (|23|). Therefore, we can apply the results 
of algebraic analysis in the Q-algebra. In particular, [4] Lemma 1.2 and 
Proposition 1.2 imply the following result. 

Proposition 1.1 ([4]). The vector space Q{X} is a subalgebra of Q[[X]]. 
Moreover for any u £ Cn,{X,z},u = ^2 n >QU n z n , and any f £ Q{A} ; the 
element uo f := ^2 n>0 u n f n belongs to the algebra Q{X}. 

The proof of the analyticity of perturbative expansions for the spectrum of 
a perturbed harmonic oscillator is based on the following theorem. 

THEOREM 1. For any deformation f = fo + tg with g G Q{t}, there exist 
an automorphism ip G Aut(Q{t}) and a function germ u G Cn{t, z} such 
that u o tp(f) = fo provided that the principal symbol of fo £ Q is a Morse 
function- germQ. 

The proof of this theorem will be given in Section 02 

Remark 1.1. In the terminology of micro-local analysis, the theorem states 
that any deformation / of an 7i-pseudo differential operator fo with a non- 
degenerate quadratic part is trivial, i.e., there exists a Fourier integral oper- 
ator Ut such that 

U t fU^=u-\fo). 
In the limit h — ► 0, the theorem gives the Vey isochore Morse lemma (|29|): 
and if we consider only formal power series in h, then the formal variant of 
the theorem is equivalent to this isochore Morse lemma ([71 [16]). 

By taking a linear interpolation between fo £ Q and its quadratic part, we 
deduce the following corollary. 

Corollary 1.1. Under the assumptions of the previous theorem, there exist 
an automorphism (po £ Aut(Q) and a function germ uo £ Ca{z} such that 
the equality uo o tpo(fo) = p 2 + q 2 holds. 

*A holomorphic function germ F : (C n ,0) — > C is called of Morse type if dF(0) = 
and d 2 F(0) is a non-degenerate quadratic form. 



4 



MAURICIO D. GARAY 



Corollary 11.11 was obtained by Helffer and Sjostrand with the additional as- 
sumption that the operator is self-adjoint (|16|. Theoreme bl and Theoreme 
b6). 

2. Differential calculus in the Q-algebra 

We use the old-fashioned notions and notations of quantum mechanics (|28J). 
For notational reasons, we consider the algebra Q but the results of this 
section admit straightforward generalisations to the algebra Q{A}. 

2.1. Integration of the Heisenberg equations. By Heisenberg equations, 
we mean a non-autonomous evolution equation of the type F = i[F, H], F,HE 
Q{t} where the dot denotes the derivative with respect to t. 

Proposition 2.1. For any H G Q{t}, there exists a unique operator U G 
Q{t} satisfying the equation U = HU with initial condition U(t = 0, ■) = 1. 
The automorphism ip G Aut(Q{t}) 

V : Q{t} — Q{t}, f ^ U{±-)fU-\±-\ U G Q{t}, 

in in 

integrates the Heisenberg equations of H G Q{t}, that is: 

± ip (f)= l -[ (p (f),H], V/GQ. 

Proof. The proposition states, in particular, that in the expression U{j^)fU~ 1 {i£) 
all meromorphic terms cancel. 

First, we show that there exists an element U G Q{t} such that U = HU, 
U\ t =o = 1- 

Denote by G G Q{t} the element obtained by replacing the complex coeffi- 
cients in the series expansion of H in the basis {{a}) 3 a k t l H n ) by their moduli. 

Lemma 2.1. The formal power series V = J2 v jkim{o *ya k t l h m , VjMm G R>o, 
obtained by integrating the equation V = GV , Vj t=0 = 1, is a majorant serie^ 
for U = ^2ujMm(a^) j a k t l h m , i.e., \u jk i m \ < v jk im for all indices. 

Proof. In the basis {(a)) 1 ^), any expression (a^) k a l {o)) m a n can be written 
as a polynomial with non-negative coefficients: 

(at)VV)V = Y,c m nr{o)) m a n h r , c mnr > 0. 

Therefore, by inserting the series of U inside the equation U = HU, we 
find that the coefficients u = (ujkim) of U in the basis ((a^) J a k t l h m ) are 
defined by recurrence relations of the type u = uca where c is a triangular 
(semi-infinite) matrix with non negative coefficients and a is the matrix of 
H . Replacing the elements a by their moduli, we get coefficients v = {vjUm) 
each having a moduli at least equal to the corresponding coefficient in u. 
This proves the lemma. □ 



A series ^a 4 z l , en G C, is a majorant series of another series ^biZ 1 , bi 6 C, if the 
modulus of a,i is at least that of bi for any multi-index i. 
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Now, write G as a series with coefficients in C{t} and denote by G the series 
obtained by replacing each of these coefficients by their supremum norm in a 
common sufficiently small neighbourhood of the origin. A similar argument 

to that of the previous lemma shows that the solution of the equation V = 
GV with V\t=o = 1 is a major ant series for V. 

As G is ^independent, we have V = e , therefore V and consequently V 
and U are Borel analytic. This proves the assertion. 
The map 

= Q — QKM/r 1 ]], f^u{hfu-\h 

in in 

integrates formally the Heisenberg differential equations that is as formal 
power series 

Now, in a sufficiently small neighbourhood of the origin, the total symbol of 
<£>(/) has the following properties 

(1) it is holomorphic in the complement of the hyperplane {K = 0}, 

(2) its restriction to the hyperplane t = is holomorphic (since the 
restriction to t = of U equals one) , 

(3) its partial derivative with respect to t is holomorphic. 

This shows that tp(f) £ Q{t} for any / € Q and concludes the proof of the 
proposition. 

□ 

This proposition shows that a change of polarisation induces an automor- 
phism of the Q-algebra. For instance, if the series ^2a mn (a^) m a n lies in Q 
then so do the series s ^ J a mn a m {a [ ) n , ^2a mn q m p n and ^2a mn p rn q n . 

2.2. Derivations in Q{t}. Following Born, Jordan and Heisenberg ([3]), 
we define partial derivatives 

d q f = ~[f,p], d p f= l -[f,ql / £Q, i 2 = -l. 

We denote by J fdq (resp. J fdp) the only function-germ F G Q such that 

(1) d g F = f (resp. d p F = f), 

(2) F is divisible by q, i.e., there exists G £ Q such that F = qG (resp. 
F = pG). 

For instance, if we write / = J2 m n>o a mnq m p n we get 

ffdQ= E ^V<r + V , d q f = £ ma mn q m -Y. 
J ^-^ m + 1 ^— ' 

m,n>0 m,n>0 

A derivation D : Q{t} — ► Q{t} of the algebra Q{t} is a C^-linear mapping 
satisfying the Leibniz rule. Due to the non-commutativity of the algebra 
Q{i}, the space of Q{i}-derivations is not a Q{i}-module but only a C^- 
module. 
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Proposition 2.2. For any derivation D of the algebra Q{t}, there exist 
function germs H G Q{t} and a G Cn{t} such that D = ik-H] + ctdt. The 
function germ H is related to the derivation D by the formula 

H = j (Dp)dq - J (Dq)dp + % - J J [p, Dqjdpdq. 

Remark 2.1. One can define a non-commutative de Rham complex in the 
most obvious manner. This complex defines a resolution of the ring C^. The 
existence of H is an easy consequence of this fact. 

Proof. Define F = f (Dq)dp, then we have the equality Dq = d p F = j^[q, F]. 
I assert that the function germ Dp — l[p, F] does not depend on p, that is, 
[Dp, q] = j^[\p,F],q\. As I? is a derivation, we have the equalities 

D[p,q] = [Dp,q] + \p,Dq}=0; 

from which we deduce that [Dp, q] = [Dq,p] = i[[q,F],p\. Finally, using the 
Jacobi identity, we get that [[q, F],p] = [\p,F],q\. This proves the assertion. 
The assertion implies that F' = J (Dp — j^[p,F])dq is a function of q inde- 
pendent on p. We put H = F + F' ', then Dq = j^[q,H] and Dp = l[p,H]. 
Consider the derivation D' = D — j^[-,H]. As one has the equalities qD'(t) = 
D'{qt) = D'[tq) = D'(t)q and similarly for p, the function D'(t) = a belongs 
to the centre of the algebra Q{t}, that is, a G Cn{t}. This shows that the 
derivation D' is given by D' = adt and concludes the proof of the proposi- 
tion. □ 

2.3. Infinitesimal action for inverse images. The action of the ring 
Cn{z, t} on the space Q{t} induces an infinitesimal action that we shall 
now describe. 

To the germs of two operators /, v G Q{t}, we associate an element f v G 
Q{t,e]/(e 2 ) defined by the rule f v (t,q,p) = f(t,q,p) + ev(t,q,p). Here 
(e 2 ) C Q{t,e} denotes the ideal generated by e 2 . 
For any element u G Cn{t}, we write 

u o f v (t, q,p) = u o f{t, q,p) + l(u, f, v)e 

with l(u,f,v) G Q{t}. 

We define the mapping D z u(f) : Q{t} — > Q{t}, v \— > l(u,f,v). If the 
operator germ v commutes with / then the equality D z u(f) ■ v = (d z u o f)v 
holds. 

For instance, for u(z) = z n we get D z u(f)-v = f n ~ 1 v + f n ~ 2 vf H \-vf n ~ 1 

and if v commutes with / then D z u(f) ■ v = nf n ~ l v. 
We have the chain rule formula 

^-(u o /) = (^-u) o / + D z u(f) ■ ^-f. 

If u is invertible for the composition law then the inverse of its derivative 
satisfies the equality D z u(f )D z u~ 1 (u ° /) = Id. 
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3. Proof of the quantum Morse lemma (Theorem [T]) 

3.1. Infinitesimal formulation of the quantum Morse lemma. 

As suggested by Thom, for the case of singularity theory for mappings, we 
start by using the path method ([!]). 

Notations. The C^-module M = Q{*}/|[/, Q{t}] has a C h {z, t}-module 
structure induced by that of Q{t} : 

Y^ a nZ n o [m] := [J2a n f n m], a n G C R {i}, m G Q{t}, 

n>0 n>0 

where the brackets [•] mean that we project the element in M. 

LEMMA 3.1. The quantum Morse lemma (Theorem^ holds provided that 
the C h {t}-module M = Q{t}/\[f, Q{t}] is of finite type. 

Proof. We search for an automorphism if G Aut(Q{t}) with (p(t) = t and 
a map u G Cn{z,t} such that uo (p(f) = fo- We differentiate this equality 
with respect to t, we get the equation 

(1) % ° m + D « u WW • ^ + = 

where, according to Proposition ^. 21 the operator H is defined by the equality 
[■,H] + dt = {-^(p{-)) . Applying the map D z u~ l {u o <p(f)) to Equation 
((TJ) and then acting by the automorphism y?" 1 , we get an equation of the 
type 

(2) g o / + H] = 7 , 7 e Q{t}, <? G C ft {z, t}. 

The automorphism 99 is obtained from H by integration of the Heisenberg 
differential equations (Proposition 12.11) . I assert that the map germ u can 
also be recovered from the map germ g. Indeed, as g o / commutes with /, 
the relation 

^of = D zU (f)-(g°f) 

reduces to 

du du 
^o/ = (-,)o/. 

A straightforward variant of the Cauchy-Kovalevskaia theorem with coeffi- 
cients in Cfr implies that the initial value problem 

--0,z)=z 

can be solved in Cn,{z,t}. This fact can also be reduced to the standard 
Cauchy-Kovalevskaia theorem. Indeed, the Borel transform Bu of u satisfies 
the equation 

. , dBu dBu _ 

(3) -m = ht' b ^ 
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with initial condition Bu(t = 0, z) = z. (We used the relation B{a(3) = 
Bu * Bf3 where * denotes the convolution product in the h variable.) 
Expanding both sides of the differential equation as power series in h, we get 
that there exists a unique formal power series solution to this initial value 
problem; it remains to prove that it is holomorphic. 
We chose r G IR, so that, in the series expansions 

Bg = 9n,mZ n t m , BU= U n , m Z n t m 

n,m>0 n,m>0 

the coefficients g n ,m, u n,m are holomorphic in the disk D = {h £ C, \ h\ < 2r} 
and both functions are holomorphic in some polydisk D x D' C C 3 . 
We define the holomorphic function 

9= J, C n , m Z n t m , C ntm = SUp \g n , m {h)\. 
n,m>0 \ h \^ r 

The integro-differential equation ([3]) gives the recursion 

(m + l)u n>m+1 = Y U + l ) u j+i,k * 9j',k'- 

j+j'=n,k+k'=m 

Therefore an induction on m shows that the solution v of the partial differ- 
ential equation 

dv dv 
dt dz ^ 

with initial condition v(t = 0, z) = z is a majorant series for Bu, that is, 
the coefficients of the power series expansions in z, t of the expansion v ma- 
jorate that of Bu inside the disk D. By the standard Cauchy-Kovalevskaia 
theorem, the function v is holomorphic in some neighbourhood of the origin 
and therefore so is Bu. This proves the assertion. 

This shows that there exist u, if such that u o ip(f) = fo provided that there 
exist g,H satisfying Equation ([2]). 

In the notations introduced at the beginning of this subsection, Equation j2]) 
becomes g o [1] = [7]. 

Therefore it can be solved provided that [1] generates the module M . 
Assume that the module M is of finite type then the Nakayama lemma im- 
plies the equivalences 

(i) the class of 1 generates the Cji{z, i}-module M, 

(ii) the class of 1 generates the C- vector space V = M/(tM + KM + zM). 

The C-vector space V is of dimension 1. Indeed, this vector space is the fibre 
at the origin of the Brieskorn lattice of the symbol c(/o) of /o (see e.g. [9]). 
Therefore, the dimension of V equals the Milnor number of the plane curve 
singularity {c(/o) = 0} ([ElEl])- The Milnor number of a Morse function 
is equal to one; the class of 1 in V being obviously non-zero, point (ii) is 
satisfied and concludes the proof of the lemma. □ 
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3.2. Finiteness theorem. By Lemma 13.11 it remains to prove that M is 
a module of finite type. We will prove the following more general theorem 
(remark that for formal power series the proof of this theorem is straightfor- 
ward) . 

Theorem 2. For any germ f £ Q{A}, A = (Ai, . . . , A*), such that the 
symbol of fo = f\\=o ^ as an isolated critical point at the origin, the space 
M = Q{X}/j[[f, Q{A}] is a Cfr{z, A} -module of finite type. 

This theorem is a particular case of a finiteness theorem that we shall now 
formulate. 

We denote by (D C k\ C k+2 the restriction of the sheaf of holomorphic functions 
in C k x to the vector subspace C fc x {0}. The quantum analytic sheaf 
relative to the projection (X,x,y) i— > A, denoted Q C k+2/ C k, is defined by the 
presheaf ( [231123]): 

U — Q ck+2/ck (U) = {/ € Q[[\]],Bf £ O ck+ 2 {ck+a (U)} 

where U denotes an open subset. The sheaf of vector spaces Q C fe+2/ C fc and 

O ck +2\ ck +3 are isomorphic. 

The sheaf B c i is defined on C l by the presheaf: 

U — > B cl (U) = {fe C[[h, ax,..., ai ]],Bf £ O cl{cl+1 (U)}. 

Definition 3.1. Consider a map F : X — > S, S C C', satisfying Thorn's 
of condition. A sheaf T is called F-constructible if the following condition 
holds: for each point x £ X there exists a neighbourhood U inside the strata 
of x such that 

F\u ~ F~ 1 {F\u)*F ■ 

We use the notations introduced sin Subsection I3.2L A complex of coherent 
Q C fc+2/ C fc -sheaves is called F-constructible if its cohomology sheaves are F- 
constructible and if its differential is F~ 1 i35-linear where Bs denotes the 
restriction of the sheaf B c i to S. The proof of the following theorem is given 
in the appendix (see also [10J). 

THEOREM 3. Let F : (C fc x C 2 ,0) — ► (C',0) be a holomorphic map germ 
satisfying the ap-condition. The cohomology spaces H k (K') associated to a 
complex of F-constructible Q^k+2 /Qt > q- coherent modules are F" 1 B c i ^-coherent 
modules. 

3.3. Proof of Theorem [2l Consider the unfolding of the plane curve sin- 
gularity associated to the principal symbol of / 

F '■ (C fc x C 2 ,0) — ► (C fc x C,0), (\,x,y) ^ (X,a(f)(X,x,y)) 

where a stands for the principal symbol. As F defines an isolated complete 
intersection singularity it admits standard representatives (sometimes called 
good or Milnor representatives), which trivially satisfies the Thorn ap con- 
dition for any Whitney stratification which refines the stratification by the 
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rank (see [21 ED])- 

Let F : X — ► S, (X,x,y) — ► (X,a(f)(X,x,y)) be such a representative. 
We consider the complex of sheaves on X: 

XT : — Qx/s — — 

where the only non zero boundary map is given by g i— ► ^[g, /]. Here Qx/s 

denote the restriction of the sheaf Q C fc+2 / c * to X. 

According to Theorem [3l it suffices to prove the following lemma. 

Lemma 3.2. The sheaf complex KJ is F-constructible, i.e, its cohomology 
sheaves are locally constant along the fibres of F : X — ► 5. 

Proof. As the fibres of F have at most isolated singular points, it suffices to 
prove the lemma at regular points of F (any sheaf restricted to a point is 
constant). 

At the level of zero cohomologies, there is nothing to prove, indeed a cobound- 
ary m G JC°(X) satisfies [m, /] = and is therefore constant along the fibres 
of F. 

Denote by be the automorphism of Q C k+2/ C k{t} obtained by integrating 
the Heisenberg equations of /. The principal symbol ip of 3> is the flow of 
the Hamilton vector field associated to F. 

Now, take a coboundary m G K}(U) where U is a sufficiently small open 
neighbourhood of a regular point of F, so that: 

(1) it does not contain the origin, 

(2) the map ip : U — ► C x S, (t,F(z)) with <p(t,w) = z is biholo- 
morphic onto its image, i.e, t is a local coordinate on the fibres of 
the map F\y.. 

Define m t = $t(m) G K l (ip t {X)). We differentiate mt with respect to t and 
use the fact that = /, we get 

j t (m t ) = *t(^[m, /]) = ^[*t(m), /]. 

Thus, the cycles m and mt are cobordant. This shows that Tl l (1C')\u = 
F {Fm)^H (JC) and hence the complex K is F-constructible. This proves 
the lemma and concludes the proof of the theorem. □ 

3.4. Complementary result 1: freeness of the deformation module. 

PROPOSITION 3.1. For any germ f G Q{X} (resp. f G Q[[A]]j, A = 
(Ai, . . . , Ajfc), such that the symbol of fo = f\\=o has an isolated critical 
point at the origin, the C^{z, A} -module M = Q{X}/i [f, 2{A}] (resp. the 
C[[H,z,X}]-module M = Q[[X]]/i[f,Q[[X}}}) is free. 

Proof. The proof is a simplified version of that given in |12| in the semi- 
classical limit. We make the proof in the analytic case, it differs from the 
formal case only in notations. 

We put h = Afc + 2, z = Xk+i and define the complex K, inductively by 
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Kj +1 := K-/\,j + iK- and K := K' (the complex K' was denned in Subsec- 
tion l3.3p . The multiplication by Xj+i induces an exact sequence of complexes 

— ► Kj — >Kj — ► K j+1 — > 

which induces in turn a long exact sequence in cohomology. There are canon- 
ical isomorphisms 

H\K-) « C a {A i+1) . . . , A fc+1 }, H°(K k+1 ) « C h , H°(K k+2 ) « C 

for j = 0, ... , fc. Therefore the exact sequences split and we get short exact 
sequences 

— ► H l {K]) — ► H l {K]) — ► i^CFQ+i) — ► 

which shows that (Ai, . . . , Afc+2) is a regular sequence of maximal length, 
therefore the finite type module M = H l (K ) has depth k + 2; consequently 
the Auslander-Buchsbaum formula implies that M is a free module (see e.g. 
0). □ 

3.5. Complementary result 2: the quantum versal deformation the- 
orem. The finiteness of the deformation module (Theorem [2J) implies the 
versal deformation theorem in the algebra <2{A}. The proof is similar to the 
one we gave in the isochore case ([§]). 

We recall some standard definitions adapted to our setting. 
An element F G Q{A} is called a deformation of / = F(0, •) 6 Q. A deforma- 
tion G G Q{fJ-} of / is called induced from F is there exist homomorphisms 
of algebras (p : Q{\} — ► Qif 1 }, u £ C^{//} such that uo G = (f(F). 
A deformation of / G Q is called versal if any other deformation of / can be 
induced from it. 

Theorem 4 (compare [6], Theorems 6,7,8,9 and [24]). A deformation F of 
an element f G Q is versal provided that the classes of the d\.a(F)\x=o ' s an d 
of 1 generate the C -vector space C{x,y}/({C{x,y},a(f)} + C{x, y}cr(/)). 

Remark 3.1. The converse statement of the above theorem holds trivially. 

Example 3.1. The deformation F = p 2 + q k+l + Sj=i A?'^' ^ s versa l- Indeed, 
here o~(f) = y 2 + x k+1 and the C-vector space C{x, y}/({C{x, y}, <r(/)} + 
C{x, y}c(/)) can be identified with the Milnor algebra C{x,y}/(y,x k ) of / 
which is generated by the classes of l,x, . . . ,x k ~ l (see [9], Example 2 for 
details). 

Proof. We use a standard method introduced by Martinet in the context of 
singularity theory for differentiable mappings [22] (see also [9]). 
Let G be an arbitrary deformation of / depending on the parameters fii, . . . , \i\ 
Define the deformation $ = F + G — f and let $j be the restriction of $ to 
111 = ■ • • = (ij = with $ = 

Assertion. The deformation 3>j_i is induced by the deformation Qj. 

We put t = fij, a = (Ai, . . . , fix, . . . , fij) and differentiate with respect 



12 



MAURICIO D. GARAY 



to t the equation u t o ip t (ff>j_i) = $j. Proceeding like in the proof of the 
quantum Morse lemma, we get the equation 

k+j-i 

(4) go^ j _ 1 + ^ j _ 1 ,H}+ 0^^-1 = 7. 

1=1 

with 7 G Q{a}, <? G Ca{-z,a}, a; G C^{a}. This equation can be solved 
provided that [1] and the [<9 a; <3?/_i]'s generate the C^{a, z}-module M = 

S{a}/i[Vi,2W]. 

Theorem [2] implies that the module M is of finite type, therefore the Nakayama 
lemma implies the equivalences 

(i) the classes of 1 and of the <9 a; <3?j_i's generate the Cn{z, a}-module M, 

(ii) the classes of 1 and of the d ai $j-is generate the C- vector space V = 
M/AiM where A4 is the maximal ideal of the local ring Ch{z, a}. 

The assumption on F implies the last statement. This proves the assertion. 
Applying successively the assertion from j = to j = I, we get that 
$0 = F + G — f is induced by &i = F . This concludes the proof of the 
theorem. □ 

3.6. Complementary result 3: solution to a conjecture due to Colin 
de Verdiere. In [6|, Colin de Verdiere conjectured the following result. 

THEOREM 5. Let F G Q{A} (resp. F G Q[[A]]J be a miniversal deformatioi^ 
of an operator f G Q (resp. f G Q). Let G be another deformation of f , 
so that G is induced from F, that is, u o G = (f(F), then the function germs 
<p{\j) G Cn{lA andu G C^{/x, z} (resp. tp(\j) G C[[h, /j]] andu G C[[h, n, z}]) 
are uniquely determined by the choices of F and G. 

Proof. We make the proof for the analytic case, the case of formal power 
series is similar (and in fact simpler since the finiteness of the deformation 
module is in this case obvious). 

We use the same notations as in the proof of Theorem HI 
Equation J4]) can be written as 

k+j-X 

(5) go[i}+ Md ai <s> 1 -x] = h] 

i=x 

where the bracket denotes the class in the module M = Q,{a}/j^[&j-i, Q{a}]. 
Since F is miniversal and the module M is free of finite type, the classes 
[Sq,,^-!] and [1] freely generate the module M for / G {1, . . . , k}. Therefore 
the solution of Equation |4} with a/ = for I > k is unique. 
This shows that the functions germs ( / 9^ 1 (Afc) obtained after integrating 
the coefficients a\ are uniquely determined. By a finite induction on j G 
{0, . . . , k}, we get that the function germs ^p(Xk) are uniquely determined by 
F and G. This proves the theorem. □ 



A versal deformation depending on a minimal number of parameter is called miniversal 
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4. ANALYTICITY OF THE PERTURBATIVE EXPANSIONS 

We come back to the convergence of the perturbative expansions, our aim is 
to associate to each element in Q a spectrum which is invariant under auto- 
morphism connected to the identity and which preserve analyticity proper- 
ties. 

4.1. The operator representation. Denote by Qa the left ideal generated 
by a and put TL = Q/Qa. The map H — > Cn{z} sending the class of a 1 to 
z is an isomorphism of C/j-modules. 

The left multiplication by H £ H induces a commutative diagram defining 
the homomorphism p(H) £ Homc fi (W,?^): 




Here the vertical arrows stand for the canonical projections. 
Thus, we have a homomorphism of C/j-modules 

P ■ Q — ► H-om Ch (H,H) 

representing the elements in Q as C^-linear operators in 7i. Via the isomor- 
phism 7i ps Cfr{z}, the operators associated to a) and a are mapped to the 
multiplication by z and to hd z . 

PROPOSITION 4.1. The homomorphisms ofCn-rings p : Q — ► Home h {H,H), 
is a ring monomorphisms. 

Proof. The kernel I of the homomorphism p is a left-ideal invariant under 
right multiplication by a and a) . 

Define the map v : I — ► Z>o sending H £ I to the smallest k E Z>o for 
which there exists j such that the coefficient of (a^) J a fc in the expansion 
H = J2jk a jk( a ^) J ak is 11011 zero. 

Assume that 1^0, then there exists at least one non-zero element H for 
which v is minimal. 

We have necessarily v(H) = otherwise v([H, a 1 ]) would be smaller than 
v(H). Evaluating = [a k , H] with H = Ylj OLj(a))i on the class of 1 G Q, 
we get that p(Hk)\ = h k akX = 0. This contradicts the fact that H ^ 0. □ 

4.2. The spectrum of an operator. In the sequel, we identify H £ Q 
with its image under the homomorphism p. The set of eigenvalues of an 
operator H £ Q under the p-representation, denoted by Sp(ff), is called the 
analytic spectrum. There is also a representation 

p: Q^Hom Ch (H,H) 

with Ji = Q/Qa, the resulting formal spectrum of an operator H £ Q is 
denoted by Sp(if). 



14 



MAURICIO D. GARAY 



Proposition 4.2. The analytic spectrum and the formal spectrum of the 
harmonic oscillator H = a) a coincide and are both equal to KL>q. 

Proof. We have H(a)) n = nh(a)) n (mod Qa) therefore the projection of the 
(a^) n 's in 7i are the eigenvectors of p(H). □ 

4.3. Borel analyticity of perturbative expansions. We now consider 
the case with parameters. 

In the space TL{t} := Q{t} / Q{t}a we cannot take the definition of the 
previous subsection for the eigenvectors, since already in example of the 
harmonic oscillator, perturbative expansions of eigenvectors are, in general, 
neither holomorphic nor meromorphic. Therefore, we shall say that ip G 
Tt{t} is an eigenvector of / G Q{t} if there exists E G Cn{t} such that 

f(ht,-)i;(ht,-) = E(t,-)i>(ht,-). 

Consequently, if tp(t,-) is an eigenvector then ip(t/h,-) is the corresponding 
perturbative expansion. Similar consideration apply in the formal case. 
Let us denote by Id G Aut(Q{t}) the identity mapping. Proposition 12.11 
implies the following result. 

Proposition 4.3. For any automorphism ip of Q{t},ip(t = 0,-) = Id, any 
mapping ip G Cn{t,z}, and any germ f G Q{t}, we have 

SpM/)) = s P (/), Sp(v(/)) = ^(s P (/)) 

and similarly for the formal spectrum. 

Theorem 6. If f £ Q{t} is a perturbation of a harmonic oscillator, then 
its formal and analytic spectrum are equal 

Mf) = s P (f), 

that is, the perturbative expansions of the spectrum are Borel analytic. 

Proof. The quantum Morse lemma (Theorem [I]) asserts that there exist an 
automorphism ip G Aut(Q{t}) and an element u G Cn,{t, z] such that the 
equality / = no ip(fo) holds with /o = fit = 0,-). Proposition 14.31 implies 
that the eigenvalues of / are the images of the eigenvalues of /o under the 
map-germ u. These expansions are unique (Theorem [5]) therefore Sp(f) = 
Sp(f) = u(Sp(fo)). In particular, the Borel transform of the perturbative 
expansion for the spectrum are holomorphic function germs. This proves the 
theorem. □ 

Remark 4.1. Via the isomorphism TL ~ Cn{z}, the operator H might be 
identified with the operator hzd z . For any A, the function z x l h lies in the 
kernel of the operator hzd z — A but only for A G ftZ>o is this solution an 
unbranched holomorphic function germ. 
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Remark 4.2. The module H is an inductive limit of C*-Hilbert modules over 
the ring C/j. Indeed, the ring C/j admits the involution 

r : C h — >C h , a nK n ^ ^ 

n n 

which fixed points form a subring ordered by the condition / > g if and 
only if the first non vanishing coefficient in the series of / — g is positive. 
Consider the "restriction to zero" mapping 

7r : Q — > Cn,, a mn (at) m a n i-> a ,o- 

m,n>0 

We define hermitian conjugation in Q by 

t : Q — 2, £ a mn (at) m a" ^ ^ ^(a^a" 1 ; 

m,n>0 m,n>0 

and a pairing P:QxQ — ► C&, (f,g) (->• ir(fig). 

The inner product ( ■ | ■ ) is defined by the commutative diagram 

Q x Q 




where the vertical arrow denotes the canonical projection. Moreover, an easy 
computation shows that £/ie h-trace series Trn(f) := Xm>o °f an y 

function-germ / G Q is Borel analytic. Therefore, not only the spectrum is 
well-defined in local analytic terms but also a Hamiltonian one dimensional 
quantum field theory. 
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Appendix A. Proof of the finiteness theorem 

We assume some familiarity with topological tensor products as exposed in 
[141 [19] and with the Whitney-Thorn theory of stratified spaces and mor- 
phisms as exposed for instance in [13]. An elementary exposition of this 
appendix reviewing both theories is given in [TO] . 

A.l. Construction of the contraction. We denote by B r the ball of ra- 
dius r centred at the origin in C k+2 . Let F : X — ► S be a standard 
representative of F. Here X is the intersection of a Stein open neighbour- 
hood Y of the origin with a small closed ball B £ . The aim of this subsection 
is to prove the following proposition. 

Proposition A.l. For any e' < e, the restriction mapping r : K'{X) — ► 
/C'(X') is a quasi-isomorphism with I' = In B e i . 

It is obviously sufficient to prove the proposition for e' sufficiently close to e. 

Proof. As the map F satisfies Thorn's of condition, there exists a stratified 
vector field 6 in Y C C™ tangent to the fibres of F every where transversal 
to Y n B £ . Denote by <p :] — S, 8[xB e — ► X the flow of the vector field 6 
where 5 is small enough so that it induces a map which is a homeomorphism 
onto a neighbourhood of the boundary of B £ as stratified sets: 

] - 5, 5[xdB e — ► B £ , (t, x) i ^ <p t (x). 

We chose e' sufficiently close to e so that the boundary of X' lies on the 
image of this mapping. Chose an acyclic covering U = (JJj) of A, its image 
U' = (U-), U- = UiH B £ i , is an acyclic covering of X' . 

Consider the spectral sequences E%' q (X) = &>(U,K,*), E%' q (X') = CP(U',)C^) 
for the hypercohomology of the complex K,' . Here, as usual, C'(-) stands for 
the Cech resolution. 

The map ip induces a homeomorphism between each strata in Ui and the 
corresponding stratum in U[ for each i. As the complex of sheaves is F- 
constructible and F(Ui) = F(U!) we have group isomorphisms 

H q (]C-)(Ui) « F.HWMFQJi)) « H q (lC-)(Ul) 
on each small open subset Ui. Therefore, the restriction mapping induces 
an isomorphism between the first sheets of the hypercohomology spectral 
sequences: 

E p { q {X) = C P (U, H q {K,-)) « C P (U', H q {K.-)) = Ef q (X'). 

This shows that the hypercohomology spaces H(X,1C') and H'(X',1C') are 
isomorphic. 

As X is Stein, by Cartan's theorem B, for any p > 0, we have the isomor- 
phisms 

H p (X,/C) w H p (K,-{X)), W(X' ,K,') w HP(K-(X% 
therefore the restriction mapping is a quasi-isomorphism. This proves the 
proposition. □ 
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A. 2. Proof of Theorem E 

THEOREM 7 (|17|). Let A be a multiplicatively convex, complete bornological 
algebra and let (Mj) be a sequence of complexes of complete bornological A 
modules; let be given for 1 < i < r, a homomorphism of complexes U{ : 
Mj'_i — ► Ml (A-linear and bounded), and relative integers a,b £ Z, with 
a<b. 

We make the following assumptions 

(1) for all i, satisfies the homomorphism property for n > a and is 
zero for n > b, 

(2) for 1 < i < r , Ui is a quasi-isomorphism (see [18\) and is A-nuclear 
in degree > a, 

(3) r>b-a + l. 

Then the complexes M i are a-pseudo- coherent (see \18\). 

We take r = 3, so that i = 0,1, 2, and a = 0, b = 2, so that M2 is zero. 
As the restriction mapping r : IC'(X) — ► JC'(X') is a £>(S)-subnuclear quasi- 
isomorphism, the Houzel theorem applies. This shows that the cohomology 
spaces of the modules JC'(X) are Bs(S)-coheicent (see [10] for details). Denote 
by C a complex of free coherent £>5-sheaves so that £ (S) is quasi-isomorphic 
to K\X). 

Lemma A.l. The sheaf complexes £ , f*K,', x are quasi-isomorphic 

Proof. A mapping u : M' — > L' of complexes induces a quasi-isomorphism 
between two complexes if and only if its mapping cylinder C'{u) is exact. 
We apply this fact to the mapping cylinder of the quasi-isomorphism 

u : C(S) ► IC(X). 

As the vector space Bs{P) is nuclear for any polydisk P C S, the functor 
®Bs{P) is exact ([19]). Therefore, the complex C'(u)®Bs(P) is also exact. 
The complex C'(u)®Bs(P) is the mapping cylinder of the mapping u' : 
£>'{P) — ► K'{X n f^ 1 (P)). Therefore, the complexes of sheaves C and 
f*1C'i x are quasi-isomorphic. This proves the lemma. □ 

I assert that the complex K' = fC is quasi-isomorphic to the stalk of the 
complex C at the origin. 

Let (B £n ) be a fundamental sequence of neighbourhoods of the origin in C n , 
so that their intersection with the special fibre of F is transverse. As the 
map F satisfies the (^-condition, we may find a fundamental sequence (S n ) 
of neighbourhoods of the origin in C fc so that the fibres of F intersect B £n 
transversally above S n . 

Put X n = f~ 1 (S n ), we have the isomorphism 

The first isomorphism is a consequence of the previous lemma and the sec- 
ond one follows from the fact that the contraction is a quasi-isomorphism 
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(Proposition I A. 1[) . 

In the limit n — ► oo, we get that the complex K' = K,' is quasi-isomorphic 
to the complex C . This concludes the proof of Theorem 02 
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